Strong connection between single-particle and density excitations in
  Bose-Einstein condensates by Watabe, Shohei
ar
X
iv
:2
00
3.
10
81
3v
3 
 [c
on
d-
ma
t.q
ua
nt-
ga
s] 
 15
 Ju
l 2
02
0
Strong connection between single-particle and density excitations
in Bose–Einstein condensates
Shohei Watabe
Department of Physics, Faculty of Science Division I,
Tokyo University of Science, Shinjuku, Tokyo,162-8601, Japan
Abstract
Strong connection between the single-particle excitation and the collective excitation stands
out as one of the features of Bose–Einstein condensates (BECs). We discuss theoretically these
single-particle and density excitations of BECs focusing on the exact properties of the one-body
and two-body Green’s functions developed by Gavoret and Nozie`res. We also investigate these
excitations by using the many-body approximation theory at nonzero temperatures. First, we
revisited the earlier study presented by Gavoret and Nozie`res, involving the subsequent results
given by Nepomnyashchii and Nepomnyashchii, in terms of the matrix formalism representation.
This matrix formalism is an extension of the Nambu representation for the single-particle Green’s
function of BECs to discuss the density and current response functions efficiently. We describe the
exact low-energy properties of the correlation functions and the vertex functions, and discuss the
correspondence of the spectra between the single-particle excitation and the density excitation in
the low-energy and low-momentum limits at T = 0. After deriving the exact low-energy structures
of the one-body and two-body Green’s functions, we develop a many-body approximation theory
of BECs with making the use of the matrix formalism for describing the single-particle Green’s
function and the density response function at nonzero temperatures. We show how the peaks of
the single-particle spectral function and the density response function behave with an increasing
temperature. Many-body effect on the single-particle spectral function and the density response
function is included within a random phase approximation, where satellite structures emerge be-
cause of beyond-mean-field effects. Brief comments are also made on recent theories casting doubt
upon the conventional wisdom of the BEC: the equivalence of the dispersion relations between
the single-particle excitation and the collective excitation in the low-energy and low-momentum
regime.
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I. INTRODUCTION
One of the motives for the study of the condensed matter physics is to know excitations
in a quantum many-body system, which provides deep understandings of physics behind
the system [1–4]. Various kinds of response functions, such as the single-particle spectral
function, density response function, pair-correlation function and spin response function, are
useful to understand excitations including the single-particle excitation, density excitation,
pair-breaking, and spin excitation. Generally, even if the two-body correlation function is
constructed from the one-body correlation function, the peak structure of the single-particle
excitation does not directly clearly emerge as the exact same peak structure of the density
response function generated from the two-body correlation function, where effect of the
single-particle excitation may emerge as the broad continuum [1–4]. In contrast to this
wisdom, Bose–Einstein condensates (BECs) is of particular interest, since the single-particle
property strongly relates to the collective property [5]. The Josephson sum-rule concludes
that the outcome of the coherent flow of particles is related to the single-particle spectral
function, which explicitly gives the relation among the superfluid density, the condensate
density, and the single-particle Green’s function [6–8]. Gavoret and Nozie`res also provided
the exact result which states that in the low-energy and low-momentum regime at absolute
zero temperature, the density response function shares the pole of the single-particle spectral
function, and both the single-particle and collective excitations are the phonon, the speed
of which is equal to the thermodynamic compressible sound mode [9].
Excitations in the superfluid helium have been studied extensively and intensively [3, 5,
10], including the phonon excitation strongly related to the Landau’s criterion for stability
of the superfluid, roton and maxon excitations which gives the minimum and maximum in
the dispersion law, and hydrodynamic modes such as the first sound and second sound. The
liquid helium is highly correlated system with a large gas parameter, where the Bogoliubov
theory cannot be directly applied to compare the experimental results. Ultracold atomic
gases with a small gas parameter have been a preferable play ground to test the mean-field
theory described by the Gross–Pitaevskii equation [11, 12] and the Bogoliubov theory [13].
Furthermore, the recent experimental realization of the box trap in ultracold gases [14]
releases us from the conventional restriction of harmonic trap effects, which opens the study
of the quantum many-body physics in a highly controllable uniform system. Through the
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significant development of the field of ultracold atomic gases [10, 15–18], Feshbach resonance
can be used to tune the interaction strength from the weakly interaction to the strongly
interaction [19], the phase contrast image can measure the density fluctuation in the real
space [20], and the Bragg spectroscopy can measure the structure factor in the momentum
space as well as the energy space [21–23]. The recent experiments of the BEC in the
ultracold atomic gases have expanded the scope beyond the mean-field region [24]. The
ultracold atomic gases may also serve as an ideal potential platform for directly addressing
the strong connection between the single-particle excitation and the density excitation in
BECs. On the other hand, several theories have been proposed that cast doubt on the
paradigm about the BEC [25–31]: the correspondence between the single-particle excitation
and the collective excitation in the low-energy and low-momentum region.
The tour de force by Gavoret and Nozie`res proves the simple exact property of the
BEC at the absolute zero temperature [9]; the density response function shares the pole of
the single-particle spectral function, which gives the phonon excitation with the thermody-
namic compressible sound speed. To follow their proof, we face two separate tasks; One
is to analyze and to relate diagrammatic structures of the ground state energy, self-energy
contributions, correlation functions, and vertex functions. The other is to calculate relations
of diagrammatic structures obtained in the first task by using identities of Green’s functions,
where a few notations were not given in the modern way in the original paper [9]. In this
paper, we first revisit the Gavoret–Nozie`res analysis by introducing a systematic formalism
for the BECs. The Bardeen–Cooper–Schrieffer theory for the superconductivity has been
well formulated by using the Nambu representation, which successfully discusses the gauge
invariance and the Meissner effect in the theory of superconductivity [32, 33]. Although
the BEC theory has been also formulated by using the Nambu representation, the theory of
density and current correlation functions in the BEC does not fully benefit from the Nambu
representation. We reconstruct the BEC theory for the density and current correlation func-
tions given by Gavoret and Nozie`res by using the matrix formalism with the extension of the
Nambu representation to these correlation functions, which can reproduce exact relations
efficiently.
Recent work [34] has investigated the multiparticle excitation in ultracold gases by using
a many-body approximation, and also studied the energy and momentum dependence of
the single-particle excitation as well as the collective excitation at the nonzero temperature.
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This earlier study employed the approximation that satisfies exact relations, where the off-
diagonal self-energy as well as the density vertex for the density response function vanish
in the low-energy and low-momentum limits [35, 36]. However, even if the approximation
satisfies these exact identities, which are called the Nepomnyashchii–Nepomnyashchii iden-
tity and the zero-frequency density vertex identity, it may not exclude the possibility of the
approximation dependence of the results, and it does not guarantee that the approximation
reproduces qualitative behaviors as well as quantitative properties of the BEC. In this paper,
in addition to the study of the exact properties, we also address the single-particle spectral
function and density response function by using the many-body approximation theory at
nonzero temperatures. We take the many-body theory different from the earlier paper [34]
with focusing on the effect of the vertex corrections, and discuss the qualitative properties
common in these approximations.
This paper is structured as follows. Section II introduces the correlation functions of
BECs studied in the present paper. Section III describes the relations between the vertex
functions in the low-energy regime. Using these results, the low-energy behaviors of the
correlation functions at T = 0 are discussed in Sec. IV. The formulation in these sections,
where the earlier result by Gavoret and Nozie`res [9] and the subsequent result by Nepom-
nyashchii and Nepomnyashchii [35, 36] are revisited, is developed in the matrix formalism.
This formalism can efficiently address structures of diagrams and infrared divergences in
BECs [34, 37–39], which has been successfully applied to reproduce the Nepomnyashchii–
Nepomnyashchii identity [38]. Section V reviews the earlier experimental and theoretical
studies focused on the sound mode in the superfluid helium as well as ultracold atomic
BECs, where variant sound modes in the superfluid, such as the second sound, are impor-
tant but beyond the scope of the present paper. This section also serves as comments of
recent theories casting doubt upon the paradigm about the BEC: the equivalence of the
dispersion relations between the single-particle excitation and the collective excitation in
the low-energy and low-momentum regime. Section VI develops the formulation of the
random phase approximation in terms of the matrix formalism. Section VII discusses the
single-particle spectral function and the density response function at nonzero temperatures
within the many-body approximation developed in the previous section VI. This section
also addresses the correspondence between peaks of the single-particle spectral function and
the density response function, and studies the sound speed estimated from the compressibil-
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ity zero-frequency sum-rule by using the density response function obtained in the random
phase approximation. We end with the summary and conclusions in Sec. VIII.
Throughout this paper, we set ~ = kB = 1, and take the system volume V to be unity. The
terms, n-particle irreducible (nPI) and n-particle reducible (nPR), are applied to represent
diagrams that cannot and can be separated into two pieces by cutting n single-particle lines,
respectively. The regular part called in this paper means the proper part, which represents
a diagram that cannot be separated into two pieces by cutting a single interaction line.
II. CORRELATION FUNCTIONS
We consider the Hamiltonian of an interacting Bose system with the atomic mass m,
given by
Hˆ =
∫
dr
1
2m
∇Ψˆ†(r)∇Ψˆ(r)
+
1
2
∫
dr
∫
dr′Ψˆ†(r)Ψˆ†(r′)Uint(r− r′)Ψˆ(r′)Ψˆ(r), (1)
where Ψˆ(r) and Ψˆ†(r) are bosonic annihilator and creator, respectively. In the BEC ordered
phase, the field operator may be treated by the so-called Bogoliubov prescription:
Ψˆ(r) =Φ0(r) + φˆ(r), (2)
where Φ0(r) represents the order parameter of the condensate wave function, and φˆ(r) the
non-condensate part. In the uniform system with the condensate density n0, we may suppose
Ψˆ(r) =
√
n0 +
∑
p6=0
aˆpe
ip·r, (3)
where the condensate wave function is taken to be real, i.e., Φ0(r) =
√
n0.
We consider a contact interaction Uint(r−r′) = Uδ(r−r′), where the interaction strength
U is related to the s-wave scattering length as through the relation 4πas/m = U/[1 +
U
pc∑
p
1/(2εp)], where pc is the cutoff momentum, and εp the kinetic energy of the bosonic
particle εp = p
2/2m.
An average of an operator Oˆ at temperature T is given by
〈Oˆ〉 =1
Ξ
Tr[e(−Hˆ/T )Oˆ]. (4)
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Here, the Hamiltonian Hˆ with the chemical potential µ is given by
Hˆ = Hˆ − µ
∫
drφˆ†(r)φˆ(r), (5)
where the Bogoliubov prescription is applied to Hˆ. The partition function is given by
Ξ = Tr[exp (−Hˆ/T )], which may be regarded as the quasi-grand partition function because
the term −µn0 is omitted from the hamiltonian Hˆ. It is sufficient to evaluate an average by
using exp (−Hˆ/T ) with the Bogoliubov prescription, because the term −µn0 is the c-number,
which is reduced in the form of the average.
We introduce three representations of the single-particle thermal Green’s function
G(p, iωn) =−
∫ 1/T
0
dτeiωnτ 〈TτAˆp(τ)Aˆ†p(0)〉, (6)
G(p, iωn) =−
∫ 1/T
0
dτeiωnτ 〈TτAˆp(τ)⊗ Aˆ−p(0)〉, (7)
G†(p, iωn) =−
∫ 1/T
0
dτeiωnτ 〈TτAˆ†p(0)⊗ Aˆ†−p(τ)〉, (8)
where Aˆp(τ) ≡ (aˆp(τ), aˆ†−p(τ))T in the Nambu representation [40]. Here, ⊗ is the Kronecker
product, and Tτ denotes an operation of τ -ordering, which arranges operators from right
to left in order of increasing the imaginary time τ . In the bosonic case, the Matsubara
frequency is ωn = 2πnT with n ∈ Z. The Green’s functions G, G and G† are (2 × 2),
(4× 1), and (1× 4)-matrices, respectively.
The Dyson equations for the Green’s functions are given by
G(p) =G0(p) +G0(p)Σ(p)G(p), (9)
G(p) =G0(p) + {[G0(p)Σ(p)]⊗ σ0}G(p), (10)
G†(p) =G†0(p) +G
†(p){σ0 ⊗ [Σ(−p)G0(−p)]}, (11)
with p = (iωn,p). Each matrix equation provides equivalent equations for the Green’s
function Gij with i, j = 1, 2. Here, G
−1
0 (p) = iωnσ3 − εp + µ is the (2 × 2)-matrix Green’s
function for non-interacting bosons, where σj=0,1,2,3 are the Pauli matrices. The identity
matrix of the size 2 is given by σ0. The non-interacting parts G0 and G
†
0 are given by
G0(p) =


0
G(0)(p)
G(0)(−p)
0

 , G
†
0(p) = (0, G
(0)(p), G(0)(−p), 0), (12)
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where G(0)(p) = 1/(iωn − εp + µ). Interaction effects are included into the (2 × 2)-matrix
self-energy Σ, and we may introduce the (4 × 1)-matrix self-energy Σ, and the (1 × 4)-
matrix self-energy Σ†. Diagrammatic representations of matrix elements of (G,G,G†) as
well as (Σ,Σ,Σ†) are summarized in Appendix A. Matrix elements Gij are not independent
of each other: G11(p) = G22(−p) and G12(p) = G21(p) = G12(−p) = G21(−p), where the
self-energies Σij satisfy the same relations [1, 9].
The Green’s function G provides the non-condensate density
n′ = n− n0 = −1
2
T
∑
p
Tr[G(p)eσ3iωnδ], (13)
where n is the total particle density. In the following, we omit the convergence factor
exp (σ3iωnδ) for simplicity. The formalism at T = 0 is introduced by applying the analytic
continuation (iωn → ω+iδ) as well as the following replacement −T
∑
n
→ i ∫ dω/(2π) [1, 33].
The (4×4)-matrix two-particle Green’s functionK(p, p′; q) is composed of the one-particle
reducible (1PR) and one-particle irreducible (1PI) parts, i.e., K1PR and K1PI, where the 1PR
part is specific to the condensed Bose system. (In Ref. [9], these are called the singular and
the regular part, respectively.) The two-particle Green’s function K is given by (See Fig. 1)
K(p, p′; q) =K1PI(p, p′; q) +K1PR(p, p′; q), (14)
where
K1PI(p, p′; q) =K0(p; q)T
−1(δp,p′ + Tˆ δp,−p′−q)
−K0(p; q)Γ(p, p′; q)K0(p′; q)
−K0(p; q)Γ(p,−p′ − q; q)TˆK0(p′; q), (15)
K1PR(p, p′; q) =−Q(p; q)G(q)Q†(p′; q). (16)
For the 1PI part, K0 is a bare part of the (4× 4)-matrix two-particle Green’s function
K0(p; q) = G(p+ q)⊗G(−p), (17)
and Γ is the (4× 4)-matrix four point vertex, given by (See Fig. 2 (a))
Γ(p, p′; q) =I(p, p′; q)− T
∑
p′′
I(p, p′′; q)K0(p
′′; q)Γ(p′′, p′; q). (18)
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(a) K1PI = K0 +
K0Tˆ
+ K0 K0Γ + K0
TˆK0
Γ
(b) K1PR =
G
Q Q†
FIG. 1. Two-particle Green’s function. (a) One-particle irreducible part K1PI. (b) One-particle
reducible part K1PR.
(a) Γ = I + K0I Γ
(b) P = J + K0 PI
(c) P † = J† + K0P † I
FIG. 2. (a) Bethe–Salpeter equation of the four-point vertex Γ. Here, I is a two-particle irreducible
(2PI) part of the four point vertex. (b) Equation of the three-point vertices P . (c) Equation of
P †. Here, J and J† are 2PI parts of the three-point vertices.
Here, I(p, p′; q) is a two-particle irreducible (2PI) part of the (4×4)-matrix four point vertex.
The matrix Tˆ is given by
Tˆ =


1 0 0 0
0 0 1 0
0 1 0 0
0 0 0 1

 , (19)
which exchanges upper and lower ends of a two-particle Green’s function (See Appendix A).
For the 1PR part, the (4× 2)- and (2× 4)-matrix vertices Q and Q† are given by
Q(p; q) =K0(p; q)P (p; q) + T
−1
√−1(δp,0 + Tˆ δp,−q)G1/2, (20)
Q†(p; q) =P †(p; q)K0(p; q) + T
−1
√−1G†1/2(δp,0 + Tˆ δp,−q). (21)
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Here, the (4×2)- and (2×4)-matrix three point vertices P and P † are given by (See Figs. 2
(b) and (c))
P (p; q) =J(p; q)− T
∑
p′
I(p, p′; q)K0(p
′; q)P (p′; q), (22)
P †(p; q) =J†(p; q)− T
∑
p′
P †(p′; q)K0(p
′; q)I(p′, p; q), (23)
where J and J† are 2PI parts of P and P †. The condensate contributions here are included
by the (4× 2) and (2× 4)-matrix condensate Green’s functions
G1/2 = σ0 ⊗G1/2, G†1/2 = σ0 ⊗G†1/2, (24)
where G1/2 and G
†
1/2 are the condensate Green’s functions
G1/2 =
√−1

Φ0
Φ∗0

 , G†1/2 = √−1(Φ∗0,Φ0). (25)
In the case at T = 0, the factor
√−1 is replaced with √−i [40].
The density and current correlation functions χµν(q) are defined as
χµν(q) =−
1
4
T 2
∑
p,p′
〈λµ(p; q)|K(p, p′; q)|λν(p′; q)〉, (26)
where the density-density and current-current correlation functions are χ00(q) and χij(q) for
i, j = 1, 2, 3, respectively. Here, i, j = 1, 2, 3 are the index of the Cartesian coordinate. The
density-current correlation functions are χ0i(q) and χi0(q) for i = 1, 2, 3. The density and
current vertex vector |λµ(p; q)〉 is given by
|λµ(p; q)〉 = λµ(p; q)|fµ〉, (27)
where
λµ(p; q) =


1 (µ = 0)
1
m
(
p+
q
2
)
i
(µ = i = 1, 2, 3),
(28)
and
|fµ〉 =


0
1
fµ
0

 , fµ =


+1 (µ = 0)
−1 (µ = i = 1, 2, 3).
(29)
9
χ1PIµν =
1
2
×
[ 〈λµ|K0|λν〉
+
K0|λν〉〈λµ|K0
Γ
]
FIG. 3. One-particle irreducible part of the density and current response function χ1PIµν .
The density vertex vector is simply given by |λ0(p; q)〉 = |f0〉.
The correlation functions (26) are constructed from the two-particle Green’s function K,
which are decomposed into the 1PI and 1PR parts, giving the form
χµν(q) = χ
1PI
µν (q) + χ
1PR
µν (q). (30)
The 1PI and 1PR parts are of the form (See Fig. 3)
χ1PIµν (q) =−
1
4
T 2
∑
p,p′
〈λµ(p; q)|K1PI(p, p′; q)|λν(p′; q)〉, (31)
χ1PRµν (q) =Υ
†
µ(q)G(q)Υν(q), (32)
where
Υν(q) =− 1
2
T
∑
p′
Q†(p′; q)|λν(p′; q)〉, (33)
Υ†µ(q) =−
1
2
T
∑
p
〈λµ(p; q)|Q(p; q). (34)
III. RELATIONS BETWEEN VERTEX FUNCTIONS
Vertex functions in the static and zero-momentum limits can be systematically generated
from all the possible linked diagrams that construct the thermodynamic potential Ω′ =
−T ln Ξ. An exact many-line vertex M(nout, nin, nU) is given by [36]
M(nout, nin, nU) = n
(nout−nin)/2
0
×
(
− ∂
∂µ
)nU
T,n0
(
∂
∂n0
)nout
T,µ
[
nnin0
(
∂
∂n0
)nin
T,µ
]
Ω′(T, µ, n0). (35)
Here, nin(out) is the number of incoming (outgoing) particle lines that can connect to the
vertex functionM , and nU is the number of external interaction lines U that can also connect
to the vertex function M . The operator n
nin(out)/2
0 (∂/∂n0)
nin(out) works as the elimination of
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the nin(out) condensate lines Φ
(∗)
0 (=
√
n0) from the linked diagrams. The operator (−∂/∂µ)nU
affects on the Green’s functionG0 in the linked diagrams, which provides the rU vertex points
for the interaction line due to the relation −∂G0/∂µ = G20. This prescription was originally
invented for the ground state energy at T = 0 [36]. Since the liked diagrammatic structures
for the thermodynamic potential at nonzero temperature are formally the same as those of
the ground state energy [? ], this prescription is also applied to the nonzero temperature
case [64].
The equation (35) generates the self-energy matrix Σ, the three point vertex matrix P ,
and the density vertex Υ0 in the zero-energy and zero-momentum limits, respectively given
by
Σ(0) =
∂Ω′
∂n0

1 0
0 1

+ n0∂2Ω′
∂n20

1 1
1 1

 , (36)
P (0; 0) =2
√
n0
∂2Ω′
∂n20
η + n
3/2
0
∂3Ω′
∂n30
ηa, (37)
Υ0(0) =
√
n0
(
1− ∂
2Ω′
∂µ∂n0
)
|+〉, (38)
where |±〉 = (1,±1)T, 〈±| = (1,±1) and
η =


1 0
1 1
1 1
0 1

 , ηa =


1 1
1 1
1 1
1 1

 . (39)
Vertices Σ and P are related with each other, giving the form
P (0; 0)|−〉 = 2√
n0
Σ12(0)η|−〉 = 2√
n0
AˆΣ(0), (40)
where
Aˆ =


1 0 0 0
0 0 0 0
0 0 0 0
0 0 0 −1

 . (41)
The thermodynamic potential Ω′ is related to the grand potential Ω by introducing the
chemical potential of the condensate µ0. We have the relation Ω = Ω
′ − µ0n0 with the
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condition µ0 = µ [36]. Since the condensate density is determined from the condition
∂Ω/∂n0 = 0, we have
µ0(T, µ, n0) = µ =
∂Ω′
∂n0
. (42)
Given this relation, we may derive the Hugenholtz-Pines relation Σ11(0)−Σ12(0) = µ [41], or
Σ(0)|−〉 = µ|−〉 in the matrix form. The Nepomnyashchii–Nepomnyashchii identity [35, 36],
giving the form
Σ12(0) =n0
∂2Ω′
∂n20
= n0
∂µ0
∂n0
∣∣∣∣
T,µ
= 0, (43)
reduces the Hugenholtz-Pines relation to the following form
Σ(0) = µ. (44)
The derivation of the Nepomnyashchii–Nepomnyashchii identity with the use of the matrix
formalism is summarized in Ref. [38], and physics of this identity can be found in Refs. [5,
35, 36, 38, 39, 42–48]. The Nepomnyashchii-Nepomnyashchii identity Σ12(0) = 0 is derived
from the relation between vertex functions and the nature of the infrared divergence in the
self-energy diagrams [35, 36, 38], and it is strongly related to the weak infrared divergence
of the longitudinal susceptibility caused by the convolution of the phase-phase correlation
function [38, 42]. As a result, this identity is also valid at nonzero temperature [38, 64]. The
identity (43) also provides a relation P (0; 0)|−〉 = 0.
The Nepomnyashchii–Nepomnyashchii identity also provides the zero-frequency density
vertex identity, i.e., the vanishing density vertex in the limit p = 0, giving the form
Υ0(0) = 0. (45)
This is valid in the isothermal condition, and the derivation is summarized in Appendix B.
In the remaining part of this section, we summarize low-energy behaviors of vertex func-
tions in our matrix representation. We first consider a relation between Σ and P as well
as a relation between G and L, where the (4× 2)-matrix L (diagrammatically described in
Fig. 4) is given by
L(p; q) = K0(p; q)P (p; q). (46)
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(a) L = K0 P (b) L† = K0P †
FIG. 4. Three point vertices L and L†.
With respect to (Σ, P ) or (G, L), relations at small but finite q = (̟,q) are given by [9]
P (p,+q)|0〉+ P (p,−q)|1〉 ≃Dˆ(q)Σ(p), (47)
L(p,+q)|0〉+ L(p,−q)|1〉 ≃Dˆ(q)G(p), (48)
where |0〉 = (1, 0)T, |1〉 = (0, 1)T and Dˆ(q) = D1(q) + BˆD2(q) with
D1(q) ≡ 1√
n0
(
2n0
∂
∂n0
+
3∑
ν=0
qν
δ
δxν
)
, (49)
D2(q) ≡ 1√
n0
3∑
ν=0
qν∂ν , (50)
Bˆ ≡


0 0 0 0
0 −1 0 0
0 0 +1 0
0 0 0 0

 . (51)
Here, two types of derivatives are introduced: δ/δxν = (∂/∂µ, δ/δp) and ∂ν = (∂/∂ω, ∂/∂p).
The partial derivative ∂/∂pi and the total derivative δ/δpi for i = 1, 2, 3 are respectively
defined as ∂G(0)(±p)/∂pi ≡ lim
dpi→0
[G(0)(±(p+ dpiei))−G(0)(±p)]/dpi, and δG(0)(±p)/δpi ≡
lim
δpi→0
[G(0)(±p + δpiei) − G(0)(±p)]/δpi, where ei is the unit vector in the Cartesian coor-
dinate [9] . The total derivative δ/δpi is related to an observation of the system from a
reference frame with a speed −δp/m. (Details can be found in Sec. V in Ref. [9].)
In the limit q = 0, (47) and (48) are reduced into
P (p; 0)|+〉
L(p; 0)|+〉

 = 2√n0 ∂
∂n0

Σ(p)
G(p)

 . (52)
The three point vertex P (or L) is created from the two-point vertex Σ (or the Green’s
function G) by eliminating a condensate line from Σ (or G) that provides an extra vertex
point at q = 0 [9].
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We also have relations [9]
P (p; 0)|−〉
L(p; 0)|−〉

 = 2√
n0

AˆΣ(p)
AˆG(p)

 . (53)
The upper equality in (53) can be derived as follows [9]; The self-energy Σ can be constructed
from two parts. One is the three point vertex J , where one of the three vertex points is
blocked by a condensate line
√
n0. The other is the four point vertex I, where two of the four
vertex points are blocked by a Green’s function G12 or G21. It gives the following relation
(See Appendix B in Ref [9]):
2AˆΣ(p) =
√
n0J(p; 0)|−〉 − 2T
∑
p′
I(p, p′; 0)AˆG(p′). (54)
By comparing Eqs. (22) with (54) with the use of a mathematical identity
AˆG(p) =K0(p; 0)AˆΣ(p), (55)
we obtain the first equality of (53), which is consistent with (40) in the limit p = 0. The
second equality in (53) with respect to (L,G) is also obtained by following the similar way.
According to symmetries, the density and current vertices can be given by
Υν(q) =

 γν(q)
γν(−q)

 , Υ†µ(q) = (γµ(q), γµ(−q)), (56)
the matrix element of which in the low-energy regime behaves as (See Appendix D)
γν(q) ≃√n0λν(0; q)− 1
4
T
∑
p
λν(p, 0) {D1(q)Tr[σ′νG(p)]−D2(q)Tr[σ′νσ3G(p)]} . (57)
IV. LOW ENERGY BEHAVIORS OF CORRELATION FUNCTIONS AT T = 0
The self-energy at small p behaves as [36]
Σ(p) =µ+ ωσ3 +∆Σ(p)σ+
+
1
2
∂2ωΣ
′(0)ω2 +
1
2
∂2pΣ
′(0)p2 + · · · , (58)
where σ+ = |+〉〈+|. The first term µ is to satisfy the Hugenholtz–Pines relation as well
as the Nepomnyashchii–Nepomnyashchii identity in (44). The term ∆Σ(p) is the so-called
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non-analytic term [36], which satisfies ∆Σ(p) ≫ |p|2 as well as ∆Σ(p) ≫ ω2 at small p.
Note that ∆Σ(0) = 0 as well as ∆Σ(−p) = ∆Σ(p) hold, because of the Nepomnyashchii–
Nepomnyashchii identity Σ12(0) = 0 and a symmetry relation Σ12,21(−p) = Σ12,21(p). The
symmetry relation Σ(0,p) = Σ(0,−p) also provides the relation ∂pΣ′(0) = 0, which provides
the absence of the first order of p in Eq. (58). Here, the self-energy Σ′(p) is defined as
Σ′(p) ≡ Σ(p)−∆Σ(p)σ+, where the non-analytic term is absent.
With respect to the ω-dependence, we have ∂ωΣ
′(0) = σ3. Because of a symmetry relation
Σ12(p) = Σ12(−p), we find that the off-diagonal element satisfies ∂ωΣ′12(0) = 0. For ∂ωΣ′11(0),
we have an identity [9, 49]
∂ωΣ
′
11(0) =
∂2Ω′
∂µ∂n0
= 1. (59)
In the last equality, we have employed the relation (B4) in the isothermal condition shown in
Appendix B. The first equality indicates that the differential ∂ω is related to ∂µ, since the self-
energy is constructed from the non-interacting Green’s function G(0)(p) = 1/(ω−εp+µ) and
then the infinitesimally small increase of the energy ω + δω in the self-energy Σ is regarded
as the infinitesimally small increase of the chemical potential µ + δω in a Green’s function
G(0) that constructs Σ [9]. With respect to the second order of p or ω, similar relations are
obtained, giving the forms [9]
∂2ωΣ
′(0)|−〉 = 1
n0
∂2Ω′
∂µ2
|−〉 = − n
n0mc2T
|−〉, (60)
∂2pΣ
′(0)|−〉 = n
′
mn0
|−〉, (61)
where cT is the isothermal sound speed (See Appendix B). Note that although the relations
between the vertex functions hold at nonzero temperatures because the diagrammatic struc-
ture is the same as in the case at T = 0, the relations between the thermodynamic quantities
and the differentiations of vertex functions with respect to ω and pi shown here do not hold
at nonzero temperatures.
The single-particle Green’s function in the low-energy regime is reduced into [36] (See
Appendix C)
G(p) ≃n0mc
2
T
n
1
ω2 − c2Tp2

 1 −1
−1 1

− 1
4Σ12(p)

1 1
1 1

 . (62)
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The first term in (62) is the leading term of G, which provides the phonon spectrum of the
single-particle excitation, whose sound speed cT corresponds to the isothermal sound speed
related to the compressibility (B9). This first term is important to the low-energy behavior
of the density and current correlation functions, and essential for the transverse suscepti-
bility G⊥(p) = −〈−|G(p)|−〉/4 with respect to the BEC order parameter [38, 45]. The
second term in (62) also provides the infrared divergence, because of the Nepomnyashchii-
Nepomnyashchii identity, where the infrared divergence of the second term is much weaker
than that of the first term in (62). This weak infrared divergent second term never plays
an essential role in the density and current correlation functions. However, it plays an im-
portant role in the longitudinal susceptibility G‖(p) = −〈+|G(p)|+〉/4 [38, 43–45, 47, 50].
The transverse and longitudinal fluctuation operators are not commutable [44, 45]. Since
the transverse fluctuation is regarded as the phase fluctuation, the longitudinal fluctuation
might be expected to represent the amplitude (Higgs) mode. However, the longitudinal
susceptibility does not describe the gapped amplitude mode, and shows the weak infrared
divergence in the low-energy limit, because it is provided from the convolution of the phase-
phase correlation function. The response function that can capture the Higgs mode is the
scalar susceptibility [51].
In the low-energy regime, the density and current correlation functions (30) behave as [9]
χ00(p) ≃
n
m
p2
ω2 − c2Tp2
, (63)
χ0i(p) ≃ χi0(p) ≃ n
m
ωpi
ω2 − c2Tp2
, (64)
χij(p) ≃nc
2
T
m
pipj
ω2 − c2Tp2
. (65)
Here, cT is the isothermal sound speed that can be found in the single-particle Green’s
function (62). As summarized in Appendix D, the 1PI part χ1PIµν (q) can be given by [9]
χ1PI00 (0) =
1
2
T
∂
∂µ
∑
p
Tr[G(p)] = −∂n
′
∂µ
, (66)
χ1PIi0 (0) =
1
2
T
∑
p
pi
m
∂
∂µ
Tr[σ3G(p)] = 0, (67)
χ1PI0j (0) =−
1
2
T
∑
p
δ
δqj
Tr[G(p)] = 0, (68)
χ1PIij (0) =−
1
2
T
∑
p
pi
m
δ
δqj
Tr[σ3G(p)] = 0. (69)
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The density-density correlation function remains nonzero in the low-energy and low-
momentum limit. On the other hand, the density-current and current-current correlation
functions vanish in the same limit.
Using (57), we have the following simple expression of the density and current vertex in
the low-energy and low-momentum limits:
Υν(p) ≃


ω
2
√
n0
∂n′
∂µ
|−〉 (ν = 0)
pi
2
√
n0
n
m
|−〉 (ν = i = 1, 2, 3).
(70)
The density and current vertex vanishes in the static and low-momentum limits, i.e., Υν(0) =
0, which is consistent with the exact identity (45). To obtain (70), we employed the identity
(B4) in the isothermal condition for ν = 0, which is the consequence of the Nepomnyashchii–
Nepomnyashchii identity, and employed the relation
∑
p
pi∂np/∂pj = −δijn′ for ν = i =
1, 2, 3, where np is the Bose distribution function.
The 1PR parts of correlation functions are then of the forms
χ1PR00 (p) =
1
n0
(
ω
2
∂n′
∂µ
)2
〈−|G(p)|−〉, (71)
χ1PR0i (p) = χ
1PR
i0 (p) =
nωpi
4mn0
∂n′
∂µ
〈−|G(p)|−〉, (72)
χ1PRij (p) =
n2
n0
pi
2m
pj
2m
〈−|G(p)|−〉, (73)
which provide
χ1PR00 (p) ≃
n
m
p2
ω2 − c2Tp2
+
∂n′
∂µ
, (74)
χ1PRi0 (p) ≃ χ1PR0i (p) ≃
n
m
ωpi
ω2 − c2Tp2
, (75)
χ1PRij (p) ≃
nc2T
m
pipj
ω2 − c2Tp2
. (76)
Here, we used a relation
〈−|G(p)|−〉 = 4n0mc
2
T
n
1
ω2 − c2Tp2
, (77)
which is conveniently obtained from (62). From Eqs. (62) and (77), the effect of the
Nepomnyashchii–Nepomnyashchii identity and the infrared divergence of the longitudinal
susceptibility G‖ = −〈+|G|+〉/4 = 1/4Σ12(0), which comes from the second term of (62),
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are found to be irrelevant to the density and current correlation functions. The correlation
functions (63)-(65) can be obtained from the 1PI parts (66)-(69) and the 1PR parts (74)-(76).
The density-density correlation functions (63) satisfies the compressibility zero-frequency
sum-rule, giving the form [5, 40]
lim
p→0
χ00(0,p) = − n
mc2T
. (78)
The compressibility zero-frequency sum-rule is exhausted by the 1PI part. In the low-energy
limit, the 1PI and 1PR parts of the density-density correlation function in (66) and (74)
behave as
lim
p→0
χ1PI00 (0,p) = −
n
mc2T
, lim
p→0
χ1PR00 (0,p) = 0. (79)
The 1PR part vanishes in the static and low-momentum limits, and does not contribute to
the compressibility zero-frequency sum-rule.
The leading term of the single-particle Green’s function (62) and the density and cur-
rent correlation functions (63)-(65) share the pole, which provides the phonon excitations.
Because of the presence of the BEC, the two-particle Green’s function involves the single-
particle Green’s function as in the 1PR part (16). This contribution directly involves the
single-particle property to the density correlation function. Since the self-energy in the
single-particle Green’s function can be related to thermodynamic quantities as discussed in
this section, which can provides the phonon dispersion relation with the isothermal sound
speed, the density correlation function can consistently describe the sound mode, the speed
of which is defined in terms of the macroscopic compressibility. The paper by Huang and
Klein [49] also provides a useful discussion about the phonon mode in BEC.
The single-particle excitation is also related to the superfluidity. An interesting relation
between them owes to the Josephson sum-rule [6, 7], given by
ρs = − lim
p→0
m2n0
p2G11(0,p)
, (80)
where ρs is the superfluid mass density. By using Eq. (62) as well as the relation ∆Σ(p)≫ p2
in the small momentum regime, we find the relation
ρs = mn, (81)
which indicates that the superfluid mass density is exactly the total mass density at T = 0.
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The current-current response function can be decomposed into the longitudinal and trans-
verse response functions, given by [8, 10, 150]
χij(p) =
pipj
p2
χL(p) +
(
δij − pipj
p2
)
χT(p). (82)
These longitudinal and transverse response functions are extracted from the relations [8]
χL(p) =
∑
i,j
pipj
p2
χij(p), (83)
χT(p) =
1
2
∑
i,j
(
δi,j − pipj
p2
)
χij(p). (84)
The longitudinal response function satisfies the f -sum rule χL(p → 0, 0) = −n/m and
the transverse response function provides the normal fluid density nn, given by χT(p →
0, 0) = −nn/m [3, 8, 10, 150] . As a result, the superfluid mass density can be given by
ρs = m
2 lim
p→0
[χT(p, 0)− χL(p, 0)]. Using the results (69) and (73), we obtain
lim
p→0
χL(p, 0) = lim
p→0
n2
n0
p2
(2m)2
〈−|G(p, 0)|−〉 = − n
m
, (85)
lim
p→0
χT(p, 0) =0, (86)
which is consistent with the f -sum rule as well as with the fact that at T = 0, the normal
fluid density is absent and the superfluid mass density is equal to the total mass density as
in Eq. (81).
V. EXPERIMENTAL AND THEORETICAL STUDIES OF SOUND MODES IN
SUPERFLUID
This section presents an overview of the experimental and theoretical studies of excita-
tions in superfluid 4He and in BECs of ultracold atomic gases, which will be helpful to bridge
both fields and to push further the study of the single-particle and collective excitations in
BECs in ultracold atoms.
The static structure and dynamic structure have been intensively and extensively studied
on the superfluid liquid 4He experimentally [52–58]. The dynamic structure factor S(q, ω)
consists of a sharp peak superimposed on a broad background in the superfluid 4He [52, 55–
57, 61–67]. The sharp peak in S(q, ω) is interpreted as a collective density mode as well
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as a (single)-quasiparticle excitation arising from the 1PR part of the density response
function χ1PR00 [56, 57, 65, 66], where the density and single-particle responses have the
same pole [57, 66, 68]. The broad component is interpreted as the multi-particle excitation
originated from the 1PI part of the density response function χ1PI00 [57, 62, 67].
The temperature dependence of S(q, ω) is quite different above and below Tc [56], and
abruptly changes at Tc [57]. As the temperature increased, the sharp peak broadens [57,
65, 66], which is well described by quasiparticle-quasiparticle scattering [57], and it loses
intensity [55–57, 65, 66], since the condensate density decreases, which includes the single-
particle Green’s function to the density response function.
At low momentum regime, the superfluid has a single phonon mode [57, 65, 69], whose
peak is very sharp at low T , where the phase-space for the decay of a single phonon into
two is limited [56]. The sharp peak at the maxon momentum region is also interpreted
as a contribution from a quasiparticle excitation [65]. In the high momentum regime, the
superfluid 4He does not support a collective density mode [57], and the density response
function in this momentum regime broadens in the normal and superfluid phases [57, 65, 70].
The broad component is considered as multi-quasiparticle excitations with the high-
energy tail, which originates from roton-roton, maxon-maxon, and maxon-roton contribu-
tions [70, 71]. This broad continuum does not contain a collective mode in the superfluid
phase [57], which starts from a finite positive energy [61]. The broad multiphonon component
and high-frequency tail are largely temperature independent [56, 57, 72].
Above the critical temperature, the sharp peak phonon-maxon-roton excitation disap-
pears from S(q, ω) [55–57, 65, 66], where the single-particle Green’s function does not con-
tribute to the density response function [56]. In more detail, the sharp component disappears
in the maxon and roton momentum regions, but the peak remains well defined in the low-
momentum phonon region, which indicates the existence of a collective density mode [57, 65].
The dynamic structure factor S(q, ω) of the superfluid 4He has been also studied theo-
retically [57, 61, 65, 66, 70–83]. In the Bogoliubov approximation, the density-fluctuation
excitation spectrum is identical to that of the quasiparticles. However, this approximation
gives the incorrect relation
∫∞
0
S(q, ω)ωdω = N0q
2/(2m), where the correct sum-rule is pro-
portional to N not to N0 [61]. Other approaches may be listed, such as the Hartree–Fock
approximation and self-consistent Hartree approximation [74], the symmetric planer-spin
model analysis explaining the light-scattering data [76], the formal expressions for the one-
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and two-quasiparticle excitation [81], the two-roton bound states [83], and various sum-rules
for the density and particle operators [84].
In the theoretical framework, it can be clearly seen that the condensate plays an essential
role in coupling the density excitation and the quasiparticle excitation [57, 65, 66, 83–85],
where this hybridization disappears above the critical temperature [83]. In the low mo-
mentum phonon regime, the single-particle Green’s function and density response function
share the pole [9, 84]. Above the critical temperature, where the hybridization is absent, the
maxon-roton peak vanishes in S(q, ω), which suggests that the sharp maxon-roton intensity
originates from the single-particle excitation and the BEC in the superfluid 4He [82].
For the hybridization, the dielectric formalism [66, 82, 86, 87] is an approach that ful-
fills the Ward identities related to the conservation of particle number and the breaking of
the gauge symmetry, i.e., a conserving and gapless approach by using the continuity equa-
tion [87]. It gives the same pole in the single-particle Green’s function and the density
correlation function in the superfluid phase [66, 87], and the density fluctuation is coupled
into the single-particle excitation though the condensate [86].
The sound velocity [88–98] as well as the sound attenuation coefficient [89, 96, 99–105] are
theoretically investigated, where theoretical approaches include the single-particle Green’s
function approach [80, 88, 89, 94, 95], the collective description theory [90–92, 103, 106–
110], and the kinetic equation approach [98, 99, 102, 111]. Since the single-particle Green’s
function and density response function share the pole [84], the sound speed and damping
are calculated from the pole of the single-particle Green’s function [80, 88, 89, 94, 95].
The finite energy spread of phonon excitations are studied by using the thermodynamic
perturbation theory assuming the possibility of the three-phonon interaction [88]. Using the
Green’s function approach, the sound speed shows the temperature dependence given in the
increase as T 4 lnT [89, 94, 95] and the decrease as T 4 [94, 95]; the damping rate shows the
T 4-law [89, 94, 95], which comes from the three-phonon processes [89].
The collective description is a theory described by the canonical collective variables, i.e.,
the density fluctuation and velocity operators [90–92, 103, 106–110], which is a divergent
free approach [90–92]. The collective description is employed to study energy spectrum [90–
92, 109], focusing on effects of the phonon-phonon interaction [90], and phonon-roton inter-
action [92], which play an important role in the phonon velocity and roton minimum, and
is employed to study the temperature dependence of the sound velocity and the absorption
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coefficient including the thermal roton effect [103].
The kinetic equation is also applied to study the sound velocity and absorption [98, 99,
102, 111]. In this approach, collisions between excitations are assumed to be not frequent in
the superfluid helium at low temperatures, and thus the kinetic equation in the collisionless
regime is employed. The sound velocity in the sufficiently low temperatures increases as
T 4 ln(const./T ) [99], where the constant is very small [102], and the absorption is reported
to follow the T 6-law [99].
Since successful creation of the BEC in alkali atom gases [128, 129], the condensate
excitation in ultracold gases has been intensively and extensively studied [15, 16, 130]. Sud-
den modification of the trapping potential can create the local density fluctuation, and the
dynamical propagation of the density fluctuation has been measured by using the phase-
contrast images, where the propagation speed is consistent with the Bogoliubov theory [20].
Two-photon Bragg scattering is a useful tool to study the excitation in the BEC of ultracold
gases [21]. The Bragg spectroscopy has been applied to measure the structure factor of the
BEC in the phonon regime, the line shift and line strength of which are consistent with the
results of the local density approximation [22]. The Bragg pulses have also been applied to
observe the Bogoliubov transformation for a BEC [131, 132], and to reveal the wide range of
the excitation spectrum from the phonon regime to the single-particle regime, which is also
consistent with the Bogoliubov theory with the local density approximation [23]. By using
the Bragg spectroscopy, experiments have probed the excitation in a strongly interacting
BEC [24], as well as the roton-type excitation in BECs with cavity-mediated long-range
interactions [133], with spin-orbit couplings [134], in shaken optical lattices [135], and with
dipole interactions [136]. Recently, the sound propagation of the BEC trapped in a box trap
has been intensively and extensively studied, including a uniform two-dimensional Bose
gas [137], and a cylindrical box trap with tuning the atomic density [138], which are free
from the conventional restriction of the harmonic trap potential.
Through the development of the study on BECs in ultracold atoms, theories have been
proposed [27–30] that cast doubt upon the conventional wisdom about the BEC, where
those recent theories claim that the dispersion relation of the single-particle excitation is not
equal to that of the collective excitation in the low-energy and low-momentum regime, which
contradicts the earlier result given by Gavoret and Nozie`res [9]. It is concluded from two
different approaches: the Luttinger-Ward thermodynamic functional approach (Φ-derivable
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approximation) [27–29, 139] and a functional renormalization group approach [30, 140].
The Luttinger-Ward thermodynamic functional approach [27–29, 139] is useful for consid-
ering the theory satisfying the Noether’s theorem and the Goldstone’s theorem, which may
cure the so-called conserving-gapless dilemma [141–144]. The papers [28, 29] are concluded
that the self-energy contribution should be one-particle reducible (1PR), because the 1PR
contribution cures the conserving-gapless dilemma. As a result, the two-particles Green’s
function has the pole showing the collective sound mode; on the other hand, the single-
particle Green’s function provides a bubbling mode with a considerable decay rate rather
than the sound mode, which results in no well-defined quasiparticle in BECs [28]. How-
ever, in general, in the case where the self-energy contribution is included to the Green’s
function through the Dyson-Beliaev equation, the one-particle irreducible part should be em-
ployed. Otherwise, multi-counting of diagrammatic contribution emerges in the full Green’s
function. In this regard, even if the 1PR approximation may avoid the conserving-gapless
dilemma, it provides a problem, namely, the trilemma among conserving, gapless and 1PR
approximation in the BEC theory.
By using the exact renormalization-group technique [145, 146], the study [30] concluded
that the one-particle density matrix approaches the condensate density as 1/rd−2+η asymp-
totically with an anomalous dimension η > 0, which gives the single-particle Green’s function
G11 ∝ 1/p2−η in the low-momentum regime. As a result, the paper [30] claimed that a three-
dimensional BEC at T = 0 does not have the Bogoliubov phonon mode. The behavior G11 ∝
1/p2−η, however, provides an unphysical situation, which gives the superfluid density ρs be-
ing infinity according to the Josephson sum-rule (80) [6–8]. The anomalous dimension η > 0
also violates the Bogoliubov operator inequality −G11(0,p) ≥ mn0/(np2) [8, 10, 143, 147–
150]. According to this Bogoliubov operator inequality, the relation η = 0 should hold for
T < Tc [148]. The possibility of the anomalous dimension η > 0 emerges only in the case at
precisely Tc, where the correlation length diverges [148].
Other approach, the extension of Bijl–Feynman formula, also provides the result that
the energy spectrum of the single-particle excitation is distinct from that of the collective
excitation, and the lifetime of the quasiparticles remains finite even in the long-wavelength
limit [31]. In this respect, the Josephson sum-rule (80) and the Bogoliubov operator inequal-
ity [143, 147–150] could be useful criteria for the result contradictory to the conventional
wisdom about the single-particle excitation and the collective excitation in BECs.
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VI. DENSITY RESPONSE FUNCTION IN RANDOM PHASE APPROXIMA-
TION
The matrix formalism is a useful tool to develop many-body theories, such as the random
phase approximation (RPA), for studying many-body effects as well as the density-density
correlation function in BECs. The same idea of the matrix formalism for the BEC may
be found in the study of an effective roton-maxon interaction in liquid He II [151]. In the
BEC phase, the density-density correlation function is constructed from the sum of the 1PI
and 1PR parts as in (30), i.e., χ00 = χ
1PI
00 + χ
1PR
00 . In the following, we omit the subscript
describing the density vertex µ = ν = 0 in the polarization function χ as well as the density
vertices Υ and Υ†, for simplicity.
We consider the 2PI parts I(p, p′; q), J(p; q) and J†(p; q) introduced in Sec. II as the
simplest contributions, given by
I(p, p′; q) =U +
1
2
|f0〉U〈f0| ≡ Uˆ , (87)
J(p, q) =−√−1Uˆ(G1/2 + TˆG1/2), (88)
J†(p, q) =−√−1(G†1/2 + G†1/2Tˆ )Uˆ , (89)
where the first and second terms in Uˆ provide the Hatree and Fock contributions in
the present matrix formalism, respectively. By assuming the momentum and frequency-
dependence of the four and three point vertices as Γ(p, p′; q) = Γ(q), P (p; q) = P (q), and
P †(p; q) = P †(q), we construct the random phase approximation by using Eqs. (18), (22)
and (23), giving the forms
Γ(q) =
1
1− UˆΠ(q)Uˆ , (90)
P (q) =−√−1Γ(q)(1 + Tˆ )G1/2, (91)
P †(q) =−√−1G†1/2(1 + Tˆ )Γ(q), (92)
where Π(q) = −T∑pK0(p; q). The 1PI part of the density correlation functions and the
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density vertices are also given by
χ1PI(q) =
1
2
〈f0|[Π(q) + Π(q)Γ(q)Π(q)]|f0〉, (93)
Υ(q) =−√−1
[
G1/2 +
1
2
G†1/2(1 + Tˆ )Γ(q)Π(q)|f0〉
]
, (94)
Υ†(q) =−√−1
[
G†1/2 +
1
2
〈f0|Π(q)Γ(q)(1 + Tˆ )G1/2
]
. (95)
We take the following bare part of the two-particle Green’s function
K0(p; q) = g(p+ q)⊗ g(−p), (96)
where g(p) is the single-particle Green’s function, given by
g(p) =


1
iωnσ3 − ξp − Un0σ1 (T ≤ Tc)
1
iωnσ3 − εp + µ− Σ11(0) (T ≥ Tc),
(97)
where ξp = εp + Un0. At T ≤ Tc, we employed the Hartree–Fock–Bogoliubov–Popov
(Shohno) approximation [46, 142, 152–155]. At T ≥ Tc, the effective chemical potential is
taken to be µ−Σ11(0), since the Green’s function g has a pole of a gapless dispersion law at
the critical temperature Tc, with satisfying the Hugenholtz-Pines relation µ = Σ11(0). The
polarization function has a relation
Π(q) =


Π11(q) Π12(q) Π12(q) Π14(q)
Π12(q) Π22(q) Π14(q) Π
∗
12(q)
Π12(q) Π14(q) Π22(q) Π
∗
12(q)
Π14(q) Π
∗
12(q) Π
∗
12(q) Π
∗
11(q)

 , (98)
which originates from the symmetry relations g22(p) = g11(−p) as well as g12(p) = g12(−p).
(The detailed expressions of Π11,12,14,22 are summarized in Appendix E.)
The four point vertex in this approximation can be conveniently decomposed into the T -
matrix T (q) given by the ladder type diagrams and the effective interaction Ueff(q) including
the density fluctuation, given by
Γ(q) =T (q) + 1
2
|f0〉Ueff(q)〈f0|+ 1
2
γ(q)Ueff(q)γ
†(q)
+
1
2
γ(q)Ueff(q)〈f0|+ 1
2
|f0〉Ueff(q)γ†(q), (99)
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where
T (q) = U
1− UΠ(q) , (100)
Ueff(q) =
U
1− UχR(q) , (101)
and γ(q) = T (q)Π(q)|f0〉 and γ†(q) = 〈f0|Π(q)T (q). Here, χR(q) is the regular part of the
density-density correlation function including the vertex correction, giving the form
χR(q) =
1
2
〈f0|[Π(q) + Π(q)T (q)Π(q)]|f0〉, (102)
which also give the 1PI part of the density correlation function
χ1PI(q) =
χR(q)
1− UχR(q) . (103)
The density vertices Υ and Υ† are then given by
Υ(q) =−√−1
[
G1/2 +
1
2
G†1/2(1 + Tˆ )γ(q)
]
A(q), (104)
Υ†(q) =−√−1A(q)
[
G†1/2 +
1
2
γ
†(q)(1 + Tˆ )G1/2
]
, (105)
where A(q) = [1 + Ueff(q)χR(q)]. Note that because of the relation (98), five elements
T11,12,14,22,23 are needed to construct the T -matrix T , which is given by
T (q) =


T11(q) T12(q) T12(q) T14(q)
T12(q) T22(q) T23(q) T ∗12(q)
T12(q) T23(q) T22(q) T ∗12(q)
T14(q) T ∗12(q) T ∗12(q) T ∗11(q)

 . (106)
Above the critical temperature, the 1PI part of the density-density correlation function
is given by
χ1PI(q) =
Π22(q)
1− 2UΠ22(q) , (107)
because we have g12(p) = Π12,14(p) = 0 at T ≥ Tc. At the same temperature regime, the
regular part is given by
χR(q) =
Π22(q)
1− UΠ22(q) . (108)
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The T -matrix T at T ≥ Tc has a diagonal form, whose matrix elements are given by
T11(22)(q) = U
1− UΠ11(22)(q) . (109)
For the single-particle Green’s function G(p), we include many-body effects to the self-
energy by using the RPA for focusing on density fluctuations, which is given by
Σ11(p) =(n0 + n˜)Ueff(0)
+ n0Ueff(p)− T
∑
q
Ueff(q)g11(p− q), (110)
Σ12(p) =n0Ueff(p), (111)
where n˜ = −T∑p g11(p).
The density vertex Υ in the RPA given in (104) does not satisfy the zero-frequency density
vertex identity Υ(0) = 0. In the static and low-momentum limit, the density vertices given
in (104) and (105) are reduced to
Υ(0)
Υ†(0)

 = √n0
1− UχR(0)
2Γ′(0)
U

|+〉
〈+|

 (112)
where
χR(0) = − 1
U
1− UΠ′(0)
2− UΠ′(0) , Γ
′(0) =
U
2− UΠ′(0) , (113)
with
Π′(q) =Π11(q) + Π22(q) + 2Π14(q) + 4Π12(q). (114)
Each polarization function Πij exhibits an infrared divergence. For example, in the three
dimensional system at T 6= 0, the polarization functions exhibit the infrared divergence,
giving the form Π11,12,22,14(p, 0) ∝ 1/|p| at small p [38]. Because of a relation g11(p) =
−g12(p) in the low-energy limit, the following exact relation holds:
lim
p→0
Π11,22,14(iωn = 0,p) = − lim
p→0
Π12(iωn = 0,p). (115)
All the infrared divergences are thus canceled out each other in Π′, and then the function
Π′(0) converges at T < Tc. By using (E1), (E2), (E3) as well as (E4), we have its explicit
form given by
lim
q→0
Π′(0,q) =
∑
p
ε2p
E2p
(
∂np
∂Ep
− 1 + 2np
2Ep
)
, (116)
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where np is the Bose-distribution function np = 1/(e
Ep/T − 1) with Ep =
√
εp(εp + 2Un0).
At T < Tc, therefore, the density vertex parts in (112) provide Υ(0) 6= 0.
This problem may be avoided by adopting the simplified regular part of the density-
density correlation function that does not include the vertex correction, giving the form
χsR(q) =
1
2
〈f0|Π(q)|f0〉. (117)
Using this simplified version, we may take a variant of the density vertices Υs(q) and Υs†(q),
which are given by replacing A(q) in Eqs. (104) and (105) with As(q) = 1 + U seff(q)χ
s
R(q),
where
U seff(q) =
U
1− UχsR(q)
. (118)
The simplified density vertex Υs satisfies the identity Υs(0) = 0. In the low-energy limit,
this density vertex Υs is reduced to
Υs(0)
Υs†(0)

 = √n0
1− UχsR(0)
2Γ′(0)
U

|+〉
〈+|

 . (119)
Since the simplified regular part is given by χsR(0) = χ22(0)+χ14(0), which shows the infrared
divergence, we thus obtain the density vertex that satisfies the zero-frequency density vertex
identity Υ(0) = 0.
According to the same reason, the off-diagonal self-energy (111) does not satisfy the
Nepomnyashchii–Nepomnyashchii identity Σ12(0) = 0. This problem is also avoided by re-
placing the effective interaction Ueff with U
s
eff in the off-diagonal self-energy (111), because
the infrared divergence of χsR provides U
s
eff(0) = 0. As a result, the off-diagonal self-energy
Σ12 = n0U
s
eff(p) is one of the candidates to satisfy the Nepomnyashchii–Nepomnayshchii
identity [36, 37]. Other approaches that satisfies the Nepomnyashchii–Nepomnayshchii iden-
tity have been also discussed, including the description in terms of the hydrodynamic vari-
ables [38, 42, 46–48, 50, 156], the renormalization group approach [47, 48, 146, 157, 158],
the large-N expansion [47, 159] and the division approach into singular and nonsingular
self-energies [38].
VII. DENSITY AND SINGLE-PARTICLE SPECTRAL FUNCTION
This section serves as the study of the density response function and the single-particle
spectral function in the BEC by using the formalism developed in the previous section. The
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FIG. 5. Density response function at temperature (a) 0.2T 0c , (b) 0.5T
0
c , and (c) T
0
c , where T
0
c is
the critical temperature of an ideal Bose gas. We used the self-energies in (110) and (111), and
the density vertex in (104) and (105), with the effective interaction (101) including the vertex
correction. We also used the 1PI part in (103) also including the vertex correction. The critical
temperature is given by Tc/T
0
c ≃ 1 + 1.9an1/3 at the gas parameter an1/3 = 10−2. We take the
momentum q = 0.05q0, where T
0
c ≡ q20/(2m).
condensate density is calculated as a function of temperature, by solving the particle number
equation with the non-condensate density (13), where below Tc, the chemical potential
satisfies the Hugenholtz-Pines relation, and the self-energies are given in (110) and (111).
We performed the analytic continuation based on Refs. [160, 161].
At the low temperature regime (0.2T 0c ), where T
0
c is the critical temperature of an ideal
Bose gas, the sharp peak emerges with the satellite structure in the density response function
χ (Fig. 5(a)). Since the 1PI part χ1PI is found to be negligibly small compared with the 1PR
part χ1PR, the satellite peak is mainly originated from χ1PR part at the low temperature.
This is stark contrast to the case of the multi-particle excitation in the superfluid 4He,
which provides the significant broad peak. The multi-particle excitation in the superfluid
4He is originated from the roton-roton, maxon-maxon, and roton-maxon scattering and their
bound states. Since the dispersion relation of the quasiparticle has extremum at the roton
and maxon region, those provides the very large density of states owing to the van Hove
singularity. This effect leads the pronounced contribution of the 1PI part to the density
response function. In the present case without roton and maxon excitations, however, the
satellite peak is originated from the 1PR part. For increasing temperature, the contribution
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from the 1PI part is enhanced (Fig. 5(b)), and the density response function is mainly
organized by the 1PI part close to Tc (Fig. 5(c)). Although the main structure of χ in
Fig. 5(c) is the broad peak with a tail in the high frequency side, one can see the small
sharp peak structure at the low frequency side, which is originated from the 1PR part. Very
close to the critical temperature, the 1PR part does not show the main contribution to the
density response function, because the density vertex Υ proportional to
√
n0 is small.
The temperature dependences of each contribution to χ are summarized in Fig. 6. The
density response function gives the striking sharp peak with the satellite structure, but at the
intermediate temperature, the peak strength becomes weak and the satellite peak structure
changes into the tail structure (Fig. 6(a)). The intensity of the density response function at
the critical temperature is quite small compared with the case at the low temperature. The
1PR part shows the similar behavior to the total density response function χ; however, the
1PR part vanishes at the critical temperature (Fig. 6(b)). The 1PI part exhibits the striking
sharp structure with a broad tail at 0.1T 0c ; on the other hand, as the temperature increase,
this sharpness vanishes with the growth of the intensity (Fig. 6(c)). The spectral function
of the single-particle excitation is also shown in Fig. 6(d). The structure of G11 in the low
temperature regime provides the sharp peak with a small satellite peak, which is the same
behavior as the density response functions χ and χ1PR. However, at high temperature such
as T 0c and Tc, the satellite peak disappears, where the intensity of −ImG11 remains the same
order as those in the low-temperature case, which is in contrast to the case for the density
response function. In the density response function χ, the peak of the 1PR part emergent
from the single-particle excitation is suppressed by the density vertex Υ proportional to
√
n0.
In Figs. 5 and 6, we have discussed the structure of the density response function and the
single-particle spectral function by using the self-energies (110) and (111) and the density
vertex (104) and (105) both including the vertex correction. These qualitative features
do not change in the case where the vertex correction is eliminated. Figure 7 shows the
results with the density vertices Υs and Υs† satisfying the identity Υs(0) = 0, where the
self-energy contribution is still given by (110) and (111). Figure 8 shows the results with the
density vertex Υs and Υs† as well as the self-energy contribution with the use of the effective
interaction (118), which satisfies the Nepomnyashchii–Nepomnyashchii identity Σ12(0) =
0 [34]. Although the satellite peaks without the vertex correction in Figs. 7 and 8 are very
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FIG. 6. Structure of the response functions at an1/3 = 10−2 and q = 0.05q0. (a) The total density
response function χ, (b) the 1PR part χ1PR, (c) the 1PI part χ1PI, and (d) the single-particle
Green’s function G11. We used the same Feynman diagrams as used in Fig. 5.
slightly enhanced compared with the result in Fig. 5, the qualitative features remain the
same.
Above the critical temperature, the density response function is exhausted by the 1PI
part, where the 1PR part is absent since Υ = 0. By using the RPA, we found that the
density response function at T > Tc has qualitatively the same structure at T = Tc, where
a broad structure emerges and very long-lived collective excitations are absent. This is
because the random phase approximation describes collisionless modes, and does not describe
the hydrodynamic mode. In this sense, this result indicates that there is no long-lived
collisionless sound modes in a normal Bose gas. The hydrodynamic analysis in the superfluid
phase can be found in Ref. [141].
The origin of the satellite peak of the density response function can be discussed as
follows: As shown in Figs. 5, 6, 7, and 8, the satellite peak of the density response function
χ is dominantly originated from the 1PR part χ1PR that includes the single-particle Green’s
function through the density vertex Υ. We thus separately treat the self-energy contribution
in the single-particle Green’s function to discuss the origin of the satellite peaks [34]. The self-
energy contribution in the BEC involves two-parts: diagonal and off-diagonal self-energies
Σ11(12), which are also consists of two parts: condensate part Σ11(12),c and non-condensate
part Σ11(12),n. For Σ12,n, we consider the form Σ12,n(p) = −
∑
q Ueff(p)g12(p+ q). In order to
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the 1PI part as in Fig. 5. For the density vertex, we employed Υs and Υs†, which satisfies the
zero-frequency density vertex identity Υs(0) = 0.
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FIG. 8. Structure of the response functions at an1/3 = 10−2 and q = 0.05q0. (a) The total density
response function χ, (b) the 1PR part χ1PR, and (c) the single-particle Green’s function G11. We
used the self-energy satisfying the Nepomnyashchii–Nepomnyashchii identity Σ12(0) = 0, where
Ueff in (110) and (111) is replaced with U
s
eff in (118). For the density vertex, we employed Υ
s and
Υs†. We used the 1PI part in (103) including the vertex correction.
separately analyze each contribution, we first consider the Hartree–Fock–Bogoliubov type
self-energies, which can include all the contributions Σ11(12),c, and Σ11(12),n, diagrammatically
described in Fig. 9(b). In this approximation, the satellite peak can be seen (Fig. 9(a)), which
is consistent with the case of the Hartree–Fock–Bogoliubov–Popov type self-energies that
does not include Σ12,n.
The emergent satellite peak is possibly originated from (i) the off-diagonal self-energy Σ12,
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(ii) non-condensate part Σ11(12),n, or (iii) condensate part Σ11(12),c. Figure 9(a) shows the
result of these contributions, where the self-energy contribution is selectively eliminated. The
satellite peak still survives even if we eliminate the off-diagonal self-energy Σ12, and the non-
condensate part Σ11(12),n. On the contrary, the satellite peak vanishes when the condensate
part of the self-energy Σ11(12),c is absent. In the Bogoliubov approximation, where we replace
the effective interaction Ueff(p) with the bare interaction U , the satellite and the broadening
of the sharp peak structure never emerge, which gives the Bogoliubov excitation showing
the sharp peak of the quasiparticle with infinite life-time. The origin of the satellite peak is
thus concluded as the many-body BEC effect, namely, the condensate part of the self-energy,
which gives the interaction between the condensate and the quasiparticle in the background
of the many-body density-fluctuated medium. The non-condensate part of the self-energies,
showing the quasiparticle-quasiparticle interaction effect, is not important for the satellite
peak, where the many-body effect of the density fluctuation is smeared out by quasiparticles
with various momenta.
One of the feature of the excitation of a BEC at T = 0 is that the correspondence
of the spectrum between the single-particle excitation and the collective excitation in the
low-energy regime [9]. We study the temperature dependence of these two excitations and
discuss this correspondence by using the effective interaction including the vertex correction
(Fig. 10). Except close to the critical temperature, the density spectral function is dominated
by the 1PR part, and thus the peak position of χ traces that of the 1PR part (Fig. 10(a)).
The intensity of the 1PI part is weak and its structure is very broad compared with the
1PR part (Figs. 10(b) and (c)). The peak of the 1PI part is not monotonic function of
the temperature, and close to Tc, the peak of χ traces that of the 1PI part instead of the
1PR part, because the density vertex in the 1PR part becomes small. At the very low-
temperature regime, we corroborated that the correspondence between the single-particle
excitation peak and the collective excitation peak within the resolution of the numerical
calculation. On the other hand, as the temperature increases, the peak of the single-particle
excitation and that of the collective density excitation have a slight difference. This is due
to the diminishing density vertex and the relatively increasing 1PI part as a function of the
temperature.
We discuss the approximation dependence on the result of the correspondence of the spec-
trum between the single-particle excitation and the density collective excitation (Fig. 11).
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FIG. 9. Single-particle spectral function evaluated by various approximations. (a) G11 at T =
0.5T 0c at an
1/3 = 10−2 and q = 0.1q0. (b) Feynman diagrams used in panel (a). The solid arrow
represents the single-particle line, the dashed arrow the condensate line, and the wiggly line the
effective interaction line Ueff including the vertex correction in (101).
In contrast to the case of Fig. 10, we employ the density vertex satisfying the identity
Υs(0) = 0, where the vertex correction is omitted. In this case, the temperature dependence
of the peak position of χ as well as χ1PR are quite different from the case in Fig. 10. As
a result, the temperature dependence of the peak position may change, depending on ap-
proximations, such as the absence/existence of the vertex correction. However, in the very
low temperature regime, we can still find the correspondence between the peak positions
between the density response function and the single-particle Green’s function.
The density response function and the single-particle spectral function are shown in the
ω-q plane in Fig. 12. The peak of the single-particle excitation traces that of the density
response function at low temperature (0.1T 0c ). This correspondence cannot be seen at Tc,
because of the absence of the BEC. At moderate temperature (0.5T 0c ), although two peak po-
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FIG. 10. Frequency and temperature dependence of the response functions. (a) The total density
response function χ, (b) the 1PR part χ1PR, (c) the 1PI part χ1PI, and (d) the single-particle
Green’s function G11. Red, yellow, white, and black points represent the maximum peak positions
of −Imχ, −Imχ1PR, −Imχ1PI, and −ImG11, respectively. We used the same self-energies, density
vertex, effective interaction and the 1PI part as shown in Fig. 5.
FIG. 11. Temperature and frequency dependence of the response functions. (a) The total density
response function χ, and (b) the 1PR part χ1PR. Red, yellow, white, and black points are the same
as in Fig. 10. We used the same self-energies, effective interaction and the 1PI part as in Fig 10.
For the density vertex, we employed Υs and Υs†.
sitions are slightly different at high-momentum and high-energy regime, the correspondence
may survives in the low-momentum and low-energy regime. At very low temperature, the
peak position is well described by the Bogoliubov approximation, although the satellite peak
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FIG. 12. Momentum and frequency dependence of the total density response function χ, and
the single-particle Green’s function G11. White points in panels (a), (c), and (e) represent the
maximum peak position of −ImG11. We used the self-energies in (110) and (111), with the effective
interaction (101) including the vertex correction. For the density vertex, we employed Υs and Υs†.
We used the 1PI part in (103) including the vertex correction.
emerges which is not reproduced by the mean-field type Bogoliubov approximation [34]. As
temperature increases, the width of the single-particle spectral function becomes broad, and
the phonon structure disappears at Tc. The density response function at higher tempera-
ture also becomes quite broad. From these results, we can reasonably expect that it is an
essential feature in BECs that the peak position of the density response function overlaps
with that of the single-particle Green’s function in the very low temperature regime, which
is irrespective of the approximation that we take. The linear dispersion at T = 0 is analyti-
cally discussed to be originated from the identity ∂ωΣ11(0) = 1 [36] for the theory satisfying
Σ12(0) = 0. In many-body approximations at nonzero temperatures, the numerical analytic
continuation makes it difficult to analyze the origin of the structure of the excitation spec-
trum. Although the linear dispersion can be originated from Σ12(0) in the approximation
Σ12(0) 6= 0 as discussed in Ref. [1], this problem is important all the more in the many-body
approximation at nonzero temperatures satisfying the identity Σ12(0) = 0 [34].
The sound speed can be estimated by inversely solving the compressibility zero-frequency
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sum-rule c =
√−n/[mχ(0)]. Since this sum-rule is exhausted by the 1PI part because of
χ1PR(0) = 0, the sound speed is exactly given by
c =
√
− n
m
1
χ1PI(0)
. (120)
If we employ Υs and Υs†, we can reproduce the exact identity χ1PR(0) = 0, because of
Υs(0) = 0. The 1PI part (103) in the static and low-momentum limits is given by
χ1PI(0) = − 1
U
1− UΠ′(0)
3− 2UΠ′(0) , (121)
and the sound speed at T ≤ Tc can be estimated as
c = c0
√
3− 2UΠ′(0)
1− UΠ′(0) , (122)
where c0 ≡
√
Un/m. This sound speed (122) is found to be a positive real number if we are
considering the repulsive interaction U > 0, because Π′(0) given in (116) is a real negative
number according to the relation ∂np/∂Ep = −βnp(1 + np) < 0. At T ≥ Tc, the sound
speed is given by
c = c0
√
1− 2UΠ22(0)
−UΠ22(0) , (123)
where the 1PI part is given in (107). This sound speed (123) is also safely a positive real
number for U > 0, because of the relation
lim
q→0
Π22(0,q) =
∑
p
∂n′p
∂εp
= −β
∑
p
n′p(1 + n
′
p) < 0. (124)
One may employ the simpler regular part (117) for the 1PI part (103). In this bub-
ble diagram case not including the vertex correction, however, we obtain an unphysical
temperature-independent sound speed c = c0 =
√
Un/m for all temperatures below Tc.
Since χsR(0) exhibits the infrared divergence at T ≤ Tc, the 1PI part (103) in the static and
low-momentum limits is temperature-independent, given by χ1PIs (0) = −1/U .
We discuss the temperature dependence of the sound speed c using the RPA (122) and
(123) (See Fig. 13). In this formalism, the sound speed is temperature dependent, and
the sound speeds in (122) and (123) merge at T = Tc, because of the infrared divergence
of the correlation functions Π′(0) and Π22(0) at this temperature. The sound speed is
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given by c =
√
2c0 at T = Tc within the RPA including the vertex correction, where the
factor 2 comes from the many-body effect in this approximation. In the Bogoliubov-Popov
mean-field calculation, the sound speed is given by c =
√
Un0/m, and it drops to zero
at the critical temperature. At absolute zero temperature case, the sound speed (122) is
approximately given by c =
√
3c0 for pca ≪ 1. The sound speed is overestimated in the
RPA with the vertex correction, although it reproduces the same order of the sound speed
in the Bogoliubov approximation at T = 0. For the consistency, further improvements
may be necessary for the calculation of the sound speed derived from the RPA with the
zero-frequency compressibility sum-rule.
The sound velocity of the liquid 4He has been experimentally studied above the critical
temperature [112–115] and below the critical temperature [53, 59, 112–123]. The measure-
ment of the attenuation is also reported [59, 116, 121, 122, 124, 125]. Above the critical
temperature, the temperature dependence of the sound velocity is convex [112, 113, 115]. On
the other hand, below the critical temperature, the sound velocity is slightly increased for
increasing temperature and decreases rapidly near the λ-point [117, 118, 120–122, 124]. The
maximum value of the sound velocity is measured around 0.7K [118, 120]. At the critical
temperature, the sound velocity shows a cusp anomaly [53, 112, 113, 115, 118, 120–123].
There has been a debate whether the sound speeds below and above the critical tem-
perature converge to the same value or show the discontinuity at the critical temperature
in superfluid 4He. The measurement of the sound velocity very close to the λ-point has
the fundamental difficulty [113, 117, 124]. No detectable discontinuity of the sound velocity
was discussed at the λ-transition [112, 113, 124]. The specific heat shows the jump, which
suggests the second order phase transition according to the Ehrenfest relations [124], and
the isothermal compressibility κT shows not the divergence but a discontinuity at the tran-
sition point [126]. On the other hand, the logarithmic singularity of κT is also discussed at
the λ-transition [119, 127]. The sound velocity near the λ-point is also theoretically investi-
gated [96, 97], and ultrasonic attenuation is also studied based on the Pippard–Buckingham–
Fairbanks relations [96]. Within the present formalism, the sound speeds converge to the
same value from above and below the critical temperature, where it should be noted that
thoughtful treatments are needed in fluctuation regions [162].
In the formalism used in this paper, we take the Hartree–Fock–Bogoliubov–Popov approx-
imation g(p) for constructing the building blocks and self-energies. One of the directions for
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the future study is to develop the self-consistent approximation, such as the self-consistent
T -matrix approximation [? ]. In contrast to the Fermi gas, the BEC provides the infrared
divergence in the single-particle Green’s function with a relation G11(0) = −G12(0), which
also provides a strong constraint for the infrared divergent polarization functions, given by
Π11,22,14(0) = −Π12(0) [37]. Since the exact infrared property is important for studying the
low-energy properties of the BEC [38], this constraint will be important in development of
the self-consistent approximation for the BEC.
The matrix formalism for BECs presented in this paper will have potential to extend
theories for the spinor BEC [163], the dipolar BEC [164], the collisionless sound [165], the
deep inelastic scattering [166], the Bose polaron problem [167], and the renormalization-
group method [48, 145, 157]. Furthermore, ultracold atomic gases may serve as a platform
for directly addressing the strong connection between the single-particle and density excita-
tions in BECs by employing useful tools, such as the Feshbach resonance, the uniform box
trap, and the Bragg spectroscopy. Theoretical concepts of BECs that should be interesting
to confirm experimentally are the Josephson sum-rule, as well as the equivalence of the dis-
persion relations between the single-particle and collective excitations. It is also interesting
to experimentally study the phonon-maxon-roton excitation in dipolar BECs not only in
the collective excitation [136], but also in the single-particle excitation below and above
the critical temperature by controlling the relative strength of the dipolar to the contact
interactions [136], which will provide deeper understanding of the maxon-roton excitations
as well as the connection between the single-particle and density excitations in BECs, with
extending the context of superfluid 4He.
VIII. CONCLUSIONS
We investigated the single-particle excitation and the collective density excitation in
Bose–Einstein condensates (BECs) by using the single-particle Green’s function and the
density response function. First, we revisited the earlier study presented by Gavoret and
Nozie`res [9], with including the subsequent results given by Nepomnyashchii and Nepom-
nyashchii [35, 36]. We extended the Nambu representation of the single-particle Green’s
function for BECs to correlation functions and vertex functions by making the use of the
matrix formalism, which reproduces the exact properties efficiently. By following the discus-
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T/Tc
c/c0
FIG. 13. Sound speed evaluated from the zero-frequency compressibility sum-rule c =√
−n/[mχ1PI(0)], scaled by c0 =
√
Un/m. We used the relations (122) and (123) below and
above the critical temperature, respectively.
sion given by Gavoret and Nozie`res [9] with the matrix formalism, we revisited the low-energy
properties of the correlation functions and the vertex functions, and the correspondence of
the spectrum between the single-particle excitation and the collective excitation in the low-
energy and low-momentum regime. We also present an overview of the earlier experimental
and theoretical studies on the collective excitations in superfluid 4He as well as in ultra-
cold atomic gases. We also gave comments on theories casting doubt upon the conventional
wisdom of the BEC: the equivalence of the dispersion relations between the single-particle
excitation and the collective excitation in the low-energy and low-momentum regime. The
consistency of the Bogoliubov operator equality and the Josephson sum-rule is an important
criterion for the theory contradict to the conventional wisdom.
By applying the matrix formalism, we developed a random phase approximation (RPA)
for BECs to describe a single-particle Green’s function and the density response function
at nonzero temperatures. Depending on the presence or absence of the vertex correction,
approximations provide the quantitatively different temperature dependence of the density
response function and the single-particle spectral function. However, the peak positions
in both functions are consistent in the very low-temperature regime, which supports the
correspondence of the spectrum between the single-particle excitation and the collective ex-
citation. Many-body effect can be seen in the satellite structure of the single-particle spectral
function, which comes from the interaction between the condensate and the quasiparticles
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(a) (b)
FIG. 14. Function of vertex points (•) and (◦). (a) A filled point (•) connects to an outgoing
external particle line. (b) An open point (◦) connects to an incoming external particle line. A
filled point (•) can also connect to an open point (◦) and vice versa.
in the medium with the density fluctuation. By using the the compressibility zero-frequency
sum-rule, the temperature dependence of the sound speed was evaluated, where the re-
sult within the RPA including the vertex correction shows no discontinuity at the critical
temperature, although careful treatments are necessary in the fluctuation region.
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Appendix A: Diagrammatic representations and matrix forms of correlation and
vertex functions
Correlation and vertex functions are presented in the matrix form in this paper. It is very
convenient to explicitly provide these representations in terms of diagrams. We apply the
following rules to satisfy the conservation law. The point with the filled circle (•) connects to
an outgoing external particle line (Fig. 14(a)). The point with the open circle (◦) connects
to an incoming external particle line (Fig. 14(b)). The point (•) can also connect to the
point (◦) and vice versa.
The (2×1)-matrix vertex functions include the condensate Green’s function G1/2, and the
two point vertex Υ that connects to an external particle line and an external potential line
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(a)
G1/2
=



 (b) Υ =


Υ1
Υ2


FIG. 15. (2 × 1)-matrix vertex functions. (a) Condensate Green’s function G1/2. (b) Two point
vertex Υ that connects to an external particle line and an external potential line. A small grey
point connects to an external potential line.
(a)
G
†
1/2
=
(
,
)
(b) Υ† =

 Υ1† , Υ2†


FIG. 16. (1 × 2)-matrix vertex functions. (a) Condensate Green’s function G†
1/2
. (b) Two point
vertex Υ† that connects to an external particle line and an external potential line.
(Fig. 15). The (1× 2)-matrix vertex functions G†1/2 and Υ† are their counterparts (Fig. 16).
The (2 × 2)-matrix correlation and vertex functions include the single-particle Green’s
functions G0 and G, as well as the self-energy Σ (Fig. 17). These functions are also given
in the (4 × 1)- or (1 × 4)-matrices. The (4 × 1)-matrix correlation and vertex functions
include the Green’s functions G0 and G, the self-energy Σ, as well as the three-point vertex
γ that connects to two external particle lines and an external interaction line (Fig. 18). The
(1× 4)-matrix functions, such as G†0, G†, Σ† as well as γ†, are their counterparts (Fig. 19).
The (4 × 2)-matrix vertex functions include the condensate Green’s functions G1/2(=
σ0 ⊗G1/2) and TˆG1/2(= G1/2 ⊗ σ0), as well as the three point vertex P that connects three
external particle lines (Fig. 20). The (2× 4)-matrix vertex functions are their counterparts
such as G†1/2(= σ0 ⊗ G†1/2), G†1/2Tˆ (= G†1/2 ⊗ σ0) as well as P † (Fig. 21). The (4 × 4)-matrix
correlation and vertex functions include the four-point vertex Γ, as well as the two-particle
Green’s functions, given by K, K0 and K0Tˆ (Figs. 22 and 23).
The matrix Tˆ may provide exchange contributions of the two-particle Green’s function.
In the diagram of TˆK0 (K0Tˆ ), upper and lower left (right) ends of the two-particle Green’s
function K0 are exchanged (Fig. 23). The condensate Green’s function G†1/2 (G1/2) connects
to lower left (right) corner of the four-point vertex Γ. The condensate Green’s function G†1/2Tˆ
(TˆG1/2) connects to upper left (right) corner of Γ. The matrix Tˆ works as Tˆ (σ0 ⊗ G1/2) =
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(a)
G0(p)
=


G(0)(p)
0
0
G(0)(−p)

 (b) G(p) =


G11 G12
G21 G22

 (c) Σ(p) =


Σ11 Σ12
Σ21 Σ22


FIG. 17. (2 × 2)-matrix correlation and vertex functions. (a) Free-part of the single-particle
Green’s function G0. (b) Single-particle Green’s function G. (c) Self-energy Σ.
(a)
G0(p)
=


0
G(0)(p)
G(0)(−p)
0


(b)
G(p)
=


G12
G11
G22
G21


(c) Σ(p) =


Σ12
Σ11
Σ22
Σ21


(d) γ =


γ1
γ2
γ3
γ4


FIG. 18. (4 × 1)-matrix correlation and vertex functions. (a) Free-part of the single-particle
Green’s function G0. (b) Single-particle Green’s function G. (c) Self-energy Σ. (d) Three-point
vertex γ that connects to two external particle lines and an external interaction line.
G1/2 ⊗ σ0 as well as (σ0 ⊗G†1/2)Tˆ = G†1/2 ⊗ σ0.
The density and current correlation functions χµν are obtained by multiplying the two-
particle Green’s function K by the density and current vertex vectors 〈λµ| and |λν〉 from
its left- and right-hand sides, respectively. In the diagrammatic representation, 〈λµ| (or
|λν〉) closes leftmost (or rightmost) of K with multiplying it by the vertex function λµ (or
λν) (Fig. 3). In particular, since |λ0〉 = |f0〉, the density response function are obtained
by multiplying K by 〈f0| and |f0〉 from its left- and right-hand sides, respectively, which
generate vertex points connecting to the external potential line. These factors 〈f0| and |f0〉
also provides the relations G†1/2|f0〉 = G†1/2Tˆ |f0〉 = G1/2 and 〈f0|G1/2 = 〈f0|TˆG1/2 = G†1/2.
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(a)
G
†
0(p)
=
(
0,
G(0)(p)
,
G(0)(−p)
, 0
)
(b)
G
†(p)
=
(
G21
,
G11
,
G22
,
G12
)
(c) Σ†(p) =

 Σ21 , Σ11 , Σ22 , Σ12

 (d) γ† =

 γ†1 , γ†2 , γ†3 , γ†4


FIG. 19. (1 × 4)-matrix correlation and vertex functions. (a) Free-part of the single-particle
Green’s function G†0. (b) Single-particle Green’s function G
†. (c) Self-energy Σ†. (d) Three-point
vertex γ† that connects to two external particle lines and an external interaction line.
(a)
G1/2
=


0
0
0
0


(b)
TˆG1/2
=


0
0
0
0


(c) P =


P11 P12
P21 P22
P31 P32
P41 P42


FIG. 20. The (4× 2)-matrix vertex functions. (a) Condensate Green’s function G1/2 = σ0⊗G1/2.
(b) TˆG1/2 = G1/2⊗σ0. (c) Three point vertex P that connects to three external particle lines. The
matrix Q as well as the 2PI part J of the three point vertex P are also given in the same matrix
form.
Appendix B: Thermodynamic relations
We summarize thermodynamic relations with the use of the Nepomnyashchii–Nepomnyashchii
identity (43). We also show relations with respect to the isothermal sound speed cT.
Since the thermodynamic potential Ω′ = −T ln Ξ is related to the grand potential Ω
through Ω′ = Ω + µ0n0, we have a relation
dΩ′(T, µ, n0) =− SdT − n′dµ+ µ0dn0, (B1)
where the volume of the system is assumed to be fixed. Here, the entropy S, the non-
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(a)
G†1/2
=

 0 0
0 0

 (b) G
†
1/2Tˆ
=

 0 0
0 0


(c) P † =


P †11 P
†
12 P
†
13 P
†
14
P †21 P
†
22 P
†
23 P
†
24


FIG. 21. The (2× 4)-matrix vertex functions. (a) Condensate Green’s function G†1/2 = σ0⊗G
†
1/2.
(b) G†1/2Tˆ = G†1/2 ⊗ σ0. (c) Three point vertex P † that connects to three external particle lines.
The matrix Q† as well as the 2PI part J† of the three point vertex P † are also given in the same
matrix form.
(a) Γ =


Γ11 Γ12 Γ13 Γ14
Γ21 Γ22 Γ23 Γ24
Γ31 Γ32 Γ33 Γ34
Γ41 Γ42 Γ43 Γ44


(b) K0 =




FIG. 22. (4 × 4)-matrix correlation and vertex functions. (a) Four-point vertex Γ that connects
to four external particle lines. The 2PI part I of the four point vertex Γ is also given in the same
matrix form. (b) Bare part of the two-particle Green’s function K0.
condensate density n′ and the chemical potential of the condensate µ0, which satisfies µ = µ0,
are respectively given by
S = −∂Ω
′
∂T
, n′ = −∂Ω
′
∂µ
, µ0 =
∂Ω′
∂n0
. (B2)
A thermodynamic relation provides
dµ0(T, µ, n0)
=
∂µ0
∂T
∣∣∣∣
µ,n0
dT +
∂µ0
∂µ
∣∣∣∣
T,n0
dµ+
∂µ0
∂n0
∣∣∣∣
T,µ
dn0. (B3)
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K0Tˆ
=




FIG. 23. Effect of the matrix Tˆ on bare part of the two-particle Green’s function K0.
By using the relations dµ0 = dµ and ∂Ω
′/(∂T∂n0) = ∂µ0/∂T |µ,n0 = −∂S/∂n0|µ,n0, as well
as the Nepomnyashchii–Nepomnyashchii identity (43), we obtain identities
∂2Ω′
∂µ∂n0
=
∂µ0
∂µ
∣∣∣∣
T,n0
= − ∂n
′
∂n0
∣∣∣∣
T,µ
= 1 +
∂S
∂n0
∣∣∣∣
T,µ
dT
dµ
. (B4)
Given (38) as well as (B4), we have
Υ0(0) =−√n0 ∂S
∂n0
∣∣∣∣
T,µ
dT
dµ
|+〉, (B5)
In the isothermal condition, we end with Υ0(0) = 0 as shown in (45).
We also have other thermodynamic relation
dn(T, µ, n0) =
∂n
∂T
∣∣∣∣
µ,n0
dT +
∂n
∂µ
∣∣∣∣
T,n0
dµ+
∂n
∂n0
∣∣∣∣
T,µ
dn0. (B6)
Since n0 is fixed in the first and second terms in (B6), we have relations ∂n/∂T |µ,n0 =
∂n′/∂T |µ,n0 = ∂S/∂µ|T,n0 and (∂n/∂µ)n0 = (∂n′/∂µ)n0. Since n = n0 + n′, we also have
∂n
∂n0
∣∣∣∣
T,µ
= 1 +
∂n′
∂n0
∣∣∣∣
T,µ
= − ∂S
∂n0
∣∣∣∣
T,µ
dT
dµ
, (B7)
where we applied (B4) to the last equality. The thermodynamic relation is reduced into
dn
dµ
=
∂n′
∂µ
∣∣∣∣
T,n0
+
(
∂S
∂µ
∣∣∣∣
T,n0
− ∂S
∂n0
∣∣∣∣
T,µ
dn0
dµ
)
dT
dµ
(B8)
As a result, we have a thermodynamic relation with respect to the isothermal sound speed
cT, giving the form
n
mc2T
=
dn
dµ
∣∣∣∣
T
=
∂n′
∂µ
∣∣∣∣
T,n0
= −∂
2Ω
∂µ2
, (B9)
where the second equality is obtained from (B8) with the isothermal condition.
46
Appendix C: Derivation of the low-energy behavior of the single-particle Green’s
function including the non-analytic term ∆Σ
The Dyson equation (9) provides the single-particle Green’s function, given in the form
G(p) =
1
D(p)
[ωσ3 + εp − µ+ σ3Σ(−p)σ3], (C1)
where
D(p) ≡1
4
[D20(p)−D+(p)D−(p)], (C2)
with D0(p) ≡ Tr[ω−σ3Σ(p)] and D±(p) ≡ 〈±|[εp−µ+Σ(p)]|±〉. In the low energy regime,
by using (58), (60) as well as (61), we have D0(p) = O(p
2), as well as
D+(p) ≃4∆Σ(p) ≃ 4Σ12(p), (C3)
D−(p) ≃1
2
〈−|∂2ωΣ′(0)|−〉ω2 +
[
1
m
+
1
2
〈−|∂2pΣ′(0)|−〉
]
p2
=− n
n0mc2T
(ω2 − c2Tp2). (C4)
In the last equality of (C3), we used the fact that the leading term of the off-diagonal self-
energy Σ12 is the nonanalytic part ∆Σ(p) in the small p regime. As a consequence, the
low-energy behavior (62) is conveniently obtained by using relations

G11 ±G12
G21 ±G22

 = G(p)|±〉 =≃− 2
D±(p)
|±〉, (C5)
which provides G11,22 = −1/D−− 1/D+ as well as G12,21 = +1/D−− 1/D+. As a result, we
end with Eq. (62).
Appendix D: derivations of (57) and (66)-(69)
1. derivations of (57)
An element of the density and current vertices are given by
γµ(q) =
1
2
[Υ†µ(q)|0〉+Υ†µ(−q)|1〉], (D1)
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where we used the symmetry relations (56). Using (34), we find that
γµ(q) =− 1
2
T
∑
p
〈λµ(p; q)|Q(p; q)|0〉
− 1
2
T
∑
p
〈λµ(p;−q)|Q(p;−q)|1〉. (D2)
Given (20) as well as (46), this vertex is constructed from three parts:
γµ(q) = γ
(1)
µ (q) + γ
(2)
µ (q) + γ
(3)
µ (q), (D3)
where
γ(1)µ (q) =−
1
4
√−1[〈λµ(0; q)|G1/2|0〉
+ 〈λµ(0;−q)|G1/2|1〉], (D4)
γ(2)µ (q) =−
1
4
√−1[〈λµ(−q; q)|TˆG1/2|0〉
+ 〈λµ(q;−q)|TˆG1/2|1〉], (D5)
γ(3)µ (q) =−
1
4
T
∑
p
[〈λµ(p; q)|L(p; q)|0〉
+ 〈λµ(p;−q)|L(p;−q)|1〉]. (D6)
The terms γ
(1)
µ (q) and γ
(2)
µ (q) is reduced to
γ(1)µ (q) =γ
(2)
µ (q) =
1
2
λµ(0; q)
√
n0 , (D7)
where we used relations λµ(0;−q) = fµλµ(0; q), λµ(∓q;±q) = λµ(0;∓q) as well as 〈fµ|G1/2|0〉 =
〈fµ|TˆG1/2|1〉 = fµ〈fµ|G1/2|1〉 = fµ〈fµ|TˆG1/2|0〉 =
√−n0. The sum of these two terms
γ
(1)
µ + γ
(2)
µ provides the first term of (57).
The term γ
(3)
µ (q) in the first order of q is given by
γ(3)µ (q) ≃−
T
4
∑
p
λµ(p; 0) [〈fµ|L(p; q)|0〉+ 〈fµ|L(p;−q)|1〉] , (D8)
where we have used 〈fµ|L(p; 0)|0〉 = 〈fµ|L(p; 0)|1〉 as well as λi(p;±q) = λi(p; 0) ± λi(0; q)
for i = 1, 2, 3. Using (48), we find
γ(3)µ (q) ≃−
T
4
∑
p
λµ(p; 0)
× [D1(q)〈fµ|G(p) +D2(q)〈fµ|BˆG(p)]. (D9)
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By using (D9) as well as the following two mathematical identities
〈fµ|G(p) = Tr[σ′µG(p)], 〈fµ|BˆG(p) = −Tr[σ′µσ3G(p)], (D10)
we obtain the second term of (57). We can thus obtain (57).
We can also derive the same result by using
γµ(q) =
1
2
[〈0|Υµ(q) + 〈1|Υµ(−q)]. (D11)
In this case, we apply a variant of (48), giving the form
〈0|L†(p,+q) + 〈1|L†(p,−q) ≃Dˆ(q)G†(p), (D12)
where L†(p; q) = P †(p; q)K0(p; q). We also apply the mathematical identities
G†(p)|fµ〉 = Tr[σ′µG(p)], G†(p)Bˆ|fµ〉 = −Tr[σ′µσ3G(p)], (D13)
as well as 〈0|G†1/2|fµ〉 = 〈1|G†1/2Tˆ |fµ〉 = fµ〈1|G†1/2|fµ〉 = fµ〈0|G†1/2Tˆ |fµ〉 =
√−n0.
2. derivations of (66)-(69)
We derive the low energy behavior of the 1PI part χ1PIµν . First, we can reduce Eq. (31)
into
χ1PIµν (q) =−
1
2
T
∑
p
〈λµ(p; q)|K0(p; q)|Λν(p; q)〉, (D14)
where we introduced the density and current vertex vector with the vertex corrections, given
by
|Λν(p; q)〉 =|λν(p; q)〉 − T
∑
p′
Γ(p, p′; q)K0(p
′; q)|λν(p′; q)〉. (D15)
To obtain this form, we used relations Tˆ 2 = 1 and
Tˆ |λν(−p− q; q)〉 =|λν(p; q)〉, (D16)
TˆK0(−p− q; q)Tˆ =K0(p; q). (D17)
The density and current vertex at q = 0 can be reduced into
|Λν(p; 0)〉 =|λν(p; 0)〉 − fν δ
δxν
Σ(p). (D18)
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δδxν
Σ = fν ×
K0|fν〉
Γ λν
FIG. 24. Diagrammatic representation of (D19).
The two point vertex Σ is given by the four point vertex Γ, where two of four vertex points
are blocked by the single-particle Green’s function G. By taking the derivative δ/δxν , we
have [9]
δ
δxν
Σ(p) =fνT
∑
p′
Γ(p, p′; 0)K0(p
′; 0)|λν(p′; 0)〉, (D19)
which is diagrammatically described in Fig. 24. The factor fνλ(p; 0) as well as the bare part of
the two-particle Green’s function K0 come from a relation δG0(p)/δxν = −fνλ(p; 0)G20(p) [9].
The 1PI part χ1PIµν is then given in the form
χ1PIµν (0) =−
1
2
T
∑
p
〈λµ(p; 0)|K0(p; 0)|λν(p; 0)〉
+
1
2
T
∑
p
〈λµ(p; 0)|K0(p; 0)fν δ
δxν
Σ(p). (D20)
We may also have two mathematical identities
〈λµ(p; 0)|K0(p; 0)|λν(p; 0)〉 =λµ(p; 0)λν(p; 0)Tr
[
σ′µG(p)σ
′
νG(p)
]
, (D21)
〈fµ|K0(p; 0) δ
δxν
Σ(p) =Tr
[
σ′µG(p)
δΣ(p)
δxν
G(p)
]
. (D22)
Given these identities, we may reduce χ1PIµν (0) into
χ1PIµν (0) =−
1
2
T
∑
p
Tr
{
fνλµ(p; 0)σ
′
µG(p)
×
[
fνλν(p; 0)σ
′
ν −
δΣ(p)
δxν
]
G(p)
}
. (D23)
From the Dyson-Beliaev equation G = G0 +G0ΣG, we can derive [9]
δG(p)
δxν
=−G(p)
[
δG−10 (p)
δxν
− δΣ(p)
δxν
]
G(p). (D24)
50
In particular, we have
δG−10 (p)
δxν
= fνλν(p; 0)σ
′
ν . (D25)
By applying these two relations (D24) and (D25) to (D23), we end with
χ1PIµν (0) =
1
2
T
∑
p
fνλµ(p; 0)
δ
δxν
Tr[σ′µG(p)], (D26)
where
σ′µ =

1 0
0 fµ

 . (D27)
This relation provides (66), (67), (68), and (69).
Appendix E: Polarization Functions
We summarize the polarization functions for the random-phase approximation studied in
this paper [37–39]. At T ≤ Tc, the polarization functions are given by
Π11(q) =−
∑
p
1
2
[
(Ep+q −Ep)
(
1− ξp+qξp
Ep+qEp
)
+ iωn
(
ξp+q
Ep+q
− ξp
Ep
)]
np+q − np
ω2n + (Ep+q − Ep)2
−
∑
p
1
2
[
(Ep+q + Ep)
(
1 +
ξp+qξp
Ep+qEp
)
+ iωn
(
ξp+q
Ep+q
+
ξp
Ep
)]
1 + np+q + np
ω2n + (Ep+q + Ep)
2
,
(E1)
Π12(q) =−
∑
p
1
2
∆
[
ξp+q
Ep+qEp
(Ep+q − Ep) + iωn
Ep
]
np+q − np
ω2n + (Ep+q −Ep)2
+
∑
p
1
2
∆
[
ξp+q
Ep+qEp
(Ep+q + Ep) +
iωn
Ep
]
1 + np+q + np
ω2n + (Ep+q + Ep)
2
, (E2)
Π14(q) =
∑
p
1
2
∆2
Ep+qEp
[
(Ep+q − Ep) np+q − np
ω2n + (Ep+q −Ep)2
− (Ep+q + Ep) 1 + np+q + np
ω2n + (Ep+q + Ep)
2
]
,
(E3)
Π22(q) =
∑
p
1
2
[
(Ep+q −Ep)
(
1 +
ξp+qξp
Ep+qEp
)
+ iωn
(
ξp+q
Ep+q
+
ξp
Ep
)]
np+q − np
ω2n + (Ep+q −Ep)2
+
∑
p
1
2
[
(Ep+q + Ep)
(
1− ξp+qξp
Ep+qEp
)
+ iωn
(
ξp+q
Ep+q
− ξp
Ep
)]
1 + np+q + np
ω2n + (Ep+q + Ep)
2
,
(E4)
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where ξp ≡ εp +∆, ∆ ≡ Un0, Ep ≡
√
εp(εp + 2∆), and np ≡ 1/(eEp/T − 1).
At T ≥ Tc, the polarization functions are given by
Π11(q) =−
∑
p
1 + n′p+q + n
′
p
εp+q + εp + 2Σ11(0)− 2µ− iωn , (E5)
Π22(q) =
∑
p
n′p+q − n′p
εp+q − εp − iωn , (E6)
where n′p = 1/{e[εp+Σ11(0)−µ]/T − 1}.
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